Substitute y = —2x in x? + xy + 12 = 3,

X2+ x(=2x) + (-2x)2 =3
—-2x2+4x2=3

3x2=3
x2=1
x=1or -1

From [1], whenx =1,y = -2
whenx=-1,y=2

The curve has stationary points at (1, —2) and (-1, 2).

[The second derivative will not be used here as the second derivative for implicit
functions is not on the syllabus for C4.)

| EXERCISE 1

1 For each curve ﬁnd%in terms of x and y.
ax*+y’=9 b xy=4
c X2t+xy+12=0 dx*+y*—6x+8y=0
e XX +3y>—-4y=0 f P=x2+10

g 3 +4xy2+y*=0

., d
2 Find —dy; for the following curves at the points indicated:

ax+y*=10 (3,1 bxy=9 (3,3)
c 2+y*+4x=9 (1,2 d »=x> (4,8

3 The diagram shows a circle with equation 4

x2+y?=8.
v Y .

By finding ax’ calculate the gradient of the 22

tangent to the circle at the point (2, 2).

Using the equation y — y; = m(x — x,), X

find the equation of the tangent at the

point (2, 2). tangent

4 Find the equation of the normal to x> + 3 = 8 at the point (2, 2).
[Hint: Remember that gradient of tangent X gradient of normal = —1]

5 Find the equation of the tangent to the curve xy = 4 at the point (2, 2).
6 Find the equation of the normal to the curve xy = 4 at the point (-2, =2).

7 Find the equation of the tangent to the circle x* + y? — 2x + 4y = 20 at the point
4,2).
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Find the equation of the normal to the curve x2 + xy + y? =3 at the point (1, 1).

For the curveIny + x2 — y = 0, show that :y =11 —2x).

X

Find the gradient of each curve at the point given.

axX*txy+yP=20 (2,2 b 2x°-3x2y—y2=0 (-1, -2)
¢ lny+x2=4 21 d3lny+2x3=16 2,1)
The diagram shows the graph of xy — x2 =4, >'T

a Show that when :% =0,y=2x.

b Substitute y = 2x into the equation
xy — x* = 4 to find the x coordinates of the
two points where the gradient is zero. — X

¢ Find the y coordinates of the two turning
points.

Show that the stationary points on the curve x2 + 4xy — 2y? + 24 = 0 occur
when x = ~2y. Hence find the stationary points.

A curve is defined by the equation x? — 4y — 2xy +3y2 =2 =0.

a Find g—z— in terms of x and y.

b Show that the equation on which the stationary points must lie is y=x-2,

¢ Show that one of the stationary points is (1, —1) and find the co-ordinates of
the other one.

a Show that the tangents to the curve ¥>—16x — 2y = 47, at the points
(=2, —3) and (13, 17), are perpendicular.

b Find the co-ordinates of their points of intersection.

Calculate dy for the following curves at the given points:

dx
ax?=7xy+y?=-29 (2, 3) b xy?—7siny+x=5 (5,0)
cytxlny+x2=5 (2,1) dey+y?=6 0,2)

e x—yP=dxy—-7 (2, 1)

16*a Given that x = cos v,

i find :—Z in terms of y (by differentiating both sides with respect to x)

das
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17*a Given that x = tan Yy,
S L .
i find g terms of y (by differentiating both sides with respect to x)
i dy . ;
ii find g terms of x (using the fact that 1 + tan? y = sec?y)

i
b Use part a to find —é in terms of x when y = tan x.

18* Given y = x*, find gg in terms of x.

5 o
19* Find <2 in terms of x and y.
dx

a e¥=x

bev=2
1. ... .9

C —+—==—=
x y 4

d cosxsiny =}
e siny+cosy=x

9.2 Exponential growth and decay

Under certain conditions, the number of bacteria in a particular culture doubles
every 10 minutes.
AEEEEEEE
! . [ e o)

LI
No.of | Lo i | .

bacteria \ (/|
4 [

10 min |

10 min 10 min 10 min | G | 3

10 20 30
Time (min)

This is an example of exponential growth. The number of bacteria is multiplied by
the same number in equal periods of time.

After t minutes the number of bacteria N is given by N = 25, You can check this
formula by substituting ¢ = 0, 10, 20 and so on.

Radioactive materials like uranium or plutonium decay very, very slowly. The half
life is the length of time for half the material to decay. Suppose uranium has a half
life of 40 years and there is 100 g of it now. In 40 years there would be 50 g. After
another 40 years there would still be 25 g and so on.

After t years the mass of uranium m is given by m = 100 e %97, [Check by
substituting ¢ = 40, 80.] This is an example of exponential decay.
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Example 5
Solve the inequality 0.3* < 0.02.
Take logarithms (base 10).

log 0.3* <log 0.02
xlog 0.3 <log 0.02

Be careful here. Since log 0.3 is a negative number, the inequality must be reversed
when dividing both sides by log 0.3.
log 0.02
log 0.3
x > 3.25, correct to three significant figures.

" | ExERrcisg 2

1 Find x, correct to 3 significant figures.

a4=11 b 2*=19 ¢ -1=100

d e =19 e 5e¥=32 f 3e*=11

g 3(7%) =20 h 9-1=1 i Inx=3

j n2x=5 k 2Inx= -1 l Inx*=In2x=4

2 Givenm =40e ¥, find the value of m when ¢ = 0.1.
3 Given P = 6000 el—éﬁ, find the value of P when ¢ = 20.

4 Givenx =200 X 4% -1, find the value of x when t = 1.2.

5 Find dl in the following.
dx
ay=3 by=5"1 ¢ y=3(4Y
d y=2* ey=e¥
d d d /1
] — (7 " Al ! s ey B
6 a Find T (79 b Find T (4% ¢ Find T (3:)
7 Find % in the following.
a =150 b 6=100 — e ¢ 0=10X 6

8 A substance is decaying exponentially. Its mass, m grams, after { years is given
by m = 1000 e 0%,
a Write down the initial value of m.
b Find the value of t when m = 400.

9 Find ¢, correct to 3 significant figures.
a 5e"0%=1] b 1000 = 2500 — 1800 e ¥
¢ 450 = 600 — 500 e 001
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At time t hours the temperature 6°C of a cooling body is given by 8 = 80 e¥,
where k is a constant.

a Given that 0 = 40°C when t = 10 hours, find the value of k.
b Find the value of # when { = 40.

At time t minutes the temperature §°C of a cooling furnace is given by
6 = 2500 9.

Find the rate of decrease of the temperature when { = 2.

After t years the mass m grams of a piece of radioactive material is given by
m = 1000 X 270002,

a State the value of m when t = 0.

b Find the value of t when the material has decayed to one tenth of its original
mass.

A population of flies P is given by the formula P = A e ™, where f is the time in
days measured from a time when P = 2000.

a Write down the value of A.

b Given that P = 500 when = 5, show that k = § In4.

¢ Find the value of P when { = 8 days.

A radioactive substance decays so that after f days the amount remaining is
0.75" units.

a How many units remain after 10 days?

b After how many days will the amount of the substance remaining be less
than 0.1 units?

A radioactive substance is decaying exponentially. Its mass, m grams, after
t years is given by m = 300 e 0%,

a Find the value of t when m = 100.

b Find the rate at which the mass is decreasing when ¢ = 20.

Make f the subject in the following formulae.
b ;
am=ae* bv=rre™ ¢ P=150¢
10
At time ¢ minutes after being switched on, the temperature of a furnace ¢°Cis

given by 0 = 2000 — 1800 ™%,

a State the value which 6 approaches after a long time.

b Find the time taken to reach a temperature of 1500°C.

¢ Find the rate at which the temperature is increasing when £ = 10.

At time f minutes after being switched on, the temperature of an oven ¢°C is
given by 6 =190 — 175 ¢ %%,

a State the value which 6 approaches after a long time.

b Find the time taken to reach a temperature of 160°C.

¢ Find the rate at which the temperature is increasing when 6 = 50°C.
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Example 2

The volume of a sphere is increasing at a rate of 100 cm?®s~!. Find the rate of
increase of the radius of the sphere at the instant when the radius is 3 cm.

For a sphere, V = 773

dVv dv
— =4m? (Pt X .
& mr‘, and when r = 3, e 367
dv
Wearegiven§=100 and we want to find %:
dv. dV dr
By the chai le,—=—X—
y the chain rule T Sy
dr
1 - T X—
00 = 367 T,
dr_100 25
dt 367 97 =

Example 3

A hollow right circular cone, whose height of the cone is
twice the radius, is held with its vertex downwards and
water is poured in at a rate of 57cm?®s 1. Find the rate
of rise of the water level when the depth is 2 cm.

The volume of the water in the cone V when the height is
his given by V = jmr*h. We are given that h = 2r.

h 2
V= %‘77 (E) h= ',‘1577113

dv dVv

T imh?, and when h = 2, T IX7TX2=q
|4 dh
We are given c;—t = 5mem’s™! and we want to find ar
. dV _dv  dh
By the chain rule, o ar X T
5 X S = o 5cms™!
Gl e =

The water level is rising at 5cms ™.

EXERCISE 3

Give answers to three significant figures where necessary.

1 Given that y = x* and that x is increasing at a rate 0.1 cm s}, find the rate at
which y is increasing when x = 3 cm.

2 If the radius of a circle increases at a rate of 0.5 cm s, find the rate at which
the area of the circle increases when the radius is 10 cm.
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The area of a square is increasing at a rate of 4 cm?s™. Find the rate of increase
of each side when each side is of length 10 cm.

A cube is expanding. Each edge of the cube increases at a rate of 0.01 cm s
When the edges of the cube are 8 cm find the rate of increase of

a the volume
b the surface area of the cube.

If the radius of a sphere is increasing at 3 cm s/, find the rate at which the
volume is increasing when the radius is 5 cm.

The area of a circular ink blot is increasing at a rate of 0.8 cm?s~". Find the rate
at which the radius is increasing when the radius of the blot is 2 cm.

The radius of a sphere is increasing at the rate of 2 cm s~!. Find, in terms of r,
the rate of increase of the volume when the radius is 10 cm.

The side length of a cube is increasing at the rate of 3 cms~. Find the rate of
increase of the volume when the length of a side is 5 cm.

The volume of a cube is increasing at the rate of 96 cm®s~'. Find the rate of
change of the side of the base when its length is 4 cm.

The surface area of a sphere is increasing at the rate of 40cm?s 1. Find the
rate of change of the radius when its length is 1 cm. [The surface area of a
sphere, S = 477?]

A hollow right circular cone, whose height of the cone is twice the radius, is
held with its vertex downwards and water is poured in at a rate of 4 cm®s 1.
a Show that when the depth of the water is h the volume in the cone is
wh®
V="
12
b Find, in terms of 7, the rate of rise of the water level when the depth is 2 cm.

The empty water container shown is a
right prism with AD = 3 m and

AC = AB = BC = 1 m. It lies with CF on
horizontal ground and with ABDE
horizontal.

a Show that the volume (in m?) in the
container when the water has height h
is V = V3h2

Water is poured into the container in such a way that the height is rising at

5V3 cm s~ when the height of the water is 50 cm.

b Find the rate (in m?s™") at which the volume of water is increasing at this
time.




13 Given fiat 42 = x® and that x is increasing at a rate of 0.5 units per second, find
the rats at which y is increasing when x = 4 units.

14 Aliquid drips onto a surface and forms a circular film of uniform depth
0.1 cm The liquid drips at a rate of 0.2 cm®s™'. When the radius of the film is
3 cm find the rate at which the radius is increasing.

15*a Shaw that the volume obtained when the parl of the curve y = V9 — x2 that
1% bounded by the x-axis and the line x =3 — h is rotated about the x-axis is

—(9 h).

Water is poured at a rate of 18 cm®s™! into a hemisphere whose radius is 3 cm.

b Find, in terms of 7, the rate of rise of the water level when the depth is just
about to fill up.

REVIEW EXERCISE 9

d
1 Find d_z (using implicit differentiation), in terms of x and y.

ay*+y=x by+xy+y?=2 c x2+y?=

d
2 For the following curves express EZ in terms of x and y.

a x2+3y2=7 b 4x2—y*+2x+3y=0
¢ 3x* + 4xy — 5y2 =20 d xpP+xPy=x—y
e sinx+2cosy =1 f xy>-y=2

3 Find the gradient of the curve x* — 2y* = 3xy at the point (2, 1).

4 A curve is defined by the equation x2 + 7xy + 3y* =27.

dy i terms Ot of rand

dy int (1,2)ont
the value of s at the pO

¢ = 0, the equation
poi“t (31 1)

 Tind =10

b Hence ﬁnd

he curve.

of the tangent to the curve

he form ax + by
n y rm16 N bye to the curve
) 0, the equation of the normal to
+c=4Y,
the fo ; 2).

° r;;? : 2 + 5yt at the point G
xy*t =
_ax—8y T4~
a For the curve 12 + dy? — X Y

= (), eXpTesS gy

curve at the po'mts 2,2 and

7

b What can you say about t

curve?
(0,1) on the < on the curve

) are stationary point

g8 Show that (-1,3) and (0, 0 161

3x2 + 2%y ~ 5y* + 16y =0-

B = S, |
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For the curve Iny = 3x? + 4, show that % = 6xy.

d -
a For the curve 3sinx + 2 cos y = V3 show that & 3—C?bx.
dx 2siny

b Find the gradient of the curve at the point (0, g)

Find the gradient of each curve at the point given.
ay+xlny+x2=10 at(3,1)

be'y+2y=12 at (0, 4)
d
Find Y in terms of x.
dx
ay=§ by=2x3" c y=4%
dy=4e* e y=x*

Show that the gradient of the curve y = 3* at the point (1, 3) is In 27.

A radioactive substance is decaying exponentially. Its mass, m grams, after
t years is given by m = 300 e 0%,

a Write down the initial value of m.

b Find the value of t when m = 100.

At time t minutes the temperature 6°C of a cooling oven is given by
6= 450708,
Find the rate of decrease of the temperature when t = 10.

At time  hours the temperature 6°C of a cooling body is given by 8 = 100 ¢*,
where k is a constant.

a Given that 8 = 60 when t = 2, find the value of k.
b Find the value of O when t = 6.

Make ¢ the subject in the following formulae.

am=Ae% bs=%e"‘ c v=20¢"

A substance is decaying exponentially. After f years, its mass m grams is given
by m = 1000 e~00%,

a Find the value of t when m = 800.

b Find the rate at which the mass is decreasing when ¢ = 10.

For a body falling vertically, its velocity v m s™! after t seconds is given by
v =50(1 — e 0%)

i State the value which the velocity approaches after a long time.

ii Find the time for the velocity to reach 30 ms™.

iii Find the rate at which the velocity is increasing when the velocity reaches
30ms.
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The population P of a particular species is modelled by the formula
P = Ae",

where £ is the time in years measured from a date when P = 1000.

a Write down the value of A.

b Given that P = 2000 when f = 5, show that k = 0.139.

¢ Find the value of the population 10 years after the initial date.

The radius of a sphere is increasing at the rate of 1 cm s™. Find, in terms of =,
the rate of increase of the volume when the radius is 5 cm.

The side length of a cube is increasing at the rate of 2 cm s~. Find the rate of
increase of the volume when the length of a side is 6 cm.

The surface area S of a sphere of radius r is given by the formula S = 4772
Find the rate of increase of the surface area when r = 4 cm, given that the
radius increases at 2cms™.

The volume of a cube is increasing at the rate of 81 cm®s™. Find the rate of
change of the side of the base when its length is 3 cm.

reasing at the rate of 2rem?s ™!, Find the rate

of a sphere is increasing
The gurface arlea mdillEWheﬂ ifg engthis 1

whose height 18 three
d water is poured in

f the water is h the volume in thec¢

times the radius, isﬂheld
at a rate of 10cm?s™ "
one 15

of change of t

A hollow right circular cone,
with its vertex downwards an

a Show that when the depth o
ah?

i depth is 2 cm.

r level when the
b Find, in terms of m, the rate 0 wate

f rise of the

increases ata constant rate of

5 3
be is heated, its voha0e, ¥ B h x cm at time { seconds.

> has lengt
3.7 % 10~ cm®s ™. Each edge of the cube has leng

dx 3
wnd — when x = 2. | }
. . f the total surface area of the cube In cm?s”~ !, when
i i ase o
b Find the rate of incre

x=2. | |
2 -1 Find the rate of increase
The area of a circle is increasing at a rate of 6 cm?s~". Find
ea ara .
# of the circumference when the radius 18 3¢cm
oted by Aand P

r of the rectangle shown aré den
1 at the instant when x = 2 cm.

29 The area and perimete S A
respectively. Find a given- o




Y | EXAMINATION EXERCISE 9

1

2

Find the gradient of the curve x? + y* = 19 at the point where x = =2.  [OCR]

i For the curve 2x2 + xy + y? = 14, find % in terms of x and y.

ii Deduce that there are two points on the curve 2x? + xy + y? = 14 at which
the tangents are parallel to the x-axis, and find their coordinates. [OCR]
2 12
R
9 25
a Find the y-coordinates of the two points on the curve at which the

x-coordinate is 2.

A curve has equation

b Find the values of the gradient of the curve at these two points, giving your
answers to two significant figures. [AQA]
A curve has equation 7x? + 48xy — 7y* + 75 = 0.

A and B are two distinct points on the curve. At each of these points the
gradient of the curve is equal to .

a Use implicit differentiation to show that x + 2y = 0 at the points A and B.
b Find the coordinates of the points A and B. [EDEXCEL]
The curve C has equation 5x + 2xy — 3y? + 3 = 0. The point P on the curve C
has coordinates (1, 2).
a Find the gradient of the curve at P.
b Find the equation of the normal to the curve C at P, in the form y = ax + b,
where a and b are constants. [EDEXCEL]
A curve is given by the equation
3(x+ 12 -9y -1)?2=32.
a Find the coordinates of the two points on the curve at which x = 3.
b Find the gradient of the curve at each of these two points. [AQA]
a Given that a* = e**, where a and k are constants, 2 > 0 and x € R, prove that
k=Ina,
b Hence, using the derivative of *, prove that when y = 2%,

dy
=2*In2
dx 2

¢ Hence deduce that the gradient of the curve with equation y = 2* at the
point (2, 4) is In 16. [EDEXCEL]

a A quantity N is growing exponentially. The E 20 | 30 | 40 | g
N

table shows values of N at different times ¢. 50 1100 | P | 800
Determine the values of P and 4. =

b A radioactive substance is decaying exponentially. Its mass, m grams, after
t years is given by
m = 600 e~ 0003,

i Find the value of t for which m = 300.

ii Find, correct to 2 significant figures, the rate at which the mass is
decreasing when { = 80. [OCR]




9 Aradioactive substance is decaying exponentially. Initially its mass is 480 g. Its
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mass, M grams, at a time  years after the initial observation is given by
M = 480 e¥,
where k is a constant. When ¢ = 330, the mass of the substance will be 240 g.
i State the value of the mass when ¢ = 660.
ii Determine the value of k.
iii Find the rate at which the mass will be decreasing when ¢ = 200. [OCR]

The decay of a radioactive substance can be modelled by the equation
m=mye ¥,

where m grams is the mass at time years, my grams is the initial mass, and k is

a constant.

a The time taken for a sample of the radioactive substance strontium 90 to
decay to half of its initial mass is 28 years. Show that the value of k is
approximately 0.024 755.

b A sample of strontium 90 has a mass of 1 gram. Assuming this mass has
resulted from radioactive decay, use the model to find the mass this sample
would have had 100 years ago. Give your answer to three significant

figures. [AQA]

The mean annual temperature of the water in a certain large lake is expected to
increase due to climatic change. A model giving the mean annual temperature,
6°C, at a time ¢ years after the first observation is

6 = 0.0006f* + 0.05¢ + 4.3.

The number of crustaceans in the lake depends on the water temperature,
A model giving the number, N, of crustaceans is

N =320 4,

i According to the models, how many crustaceans were present in the lake
when the first observation was made?

dé dN .
ii By first writing down expressions for T and a0’ find the rate at which the

models predict that the number of crustaceans will be increasing when t = 30.
[OCR]

Observations were made of the number of bacteria in a certain specimen. The
number N present after t minutes is modelled by the formula

N = Ac!,
where A and ¢ are constants.

Initially there are 1000 bacteria in the specimen.
a Write down the value of A.
b Given that there are 12 000 bacteria after 60 minutes, show that the value of ¢
is 1.0423 to four decimal places.
¢ i Express t in terms of N.
ii Calculate, to the nearest minute, the time taken for the number of bacteria
to increase from one thousand to one million. [AQA]
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The volume of a sphere is increasing at a rate of 75 cm®s~". Find the rate at
which the radius is increasing at the instant when the radius of the sphere is
15 cm. Give your answer correct to 2 significant figures.

[The volume, V, of a sphere of radius r is given by V = ) [OCR]

At a time f minutes, a circular puddle has radius r cm and area A cm?.
o GA
a Find _d; in terms of 7.

b The radius is increasing at a rate of 3 cm per minute.

Find the rate at which the area is increasing at the instant when the radius is
50 cm. Give your answer to the nearest cm? per minute. [AQAI

d
a Given thaty =5¢e* +1n(2 -~ 5x), find an expression for ag

b A water tank is such that, when the depth of water is h cm, the volume,
V em?, of water in the tank is given by V = 28h>. Water is flowing into the
tank at a constant rate of 400 cm?® per minute. Find the rate at which the
depth of water is increasing at the instant when h = 10. [OCR]

As part of a laser light show, a rectangular shape continuously changes its
dimensions whilst its perimeter remains constant at 20 metres.

a At time  seconds, the length of one side of the rectangle is x metres.

i Show that the area Am? of the rectangle is given by
A = x(10 — x).
dA
ii Find ——
11 rn dx
b Find the rate at which the area of the rectangle is increasing when the length
of one of the sides is 4 metres and is increasing at a rate of 0.5ms % [AQA]

A scientific study involves monitoring the growth of a particular species of
weed. The area of ground af fected by the weed after f years is Am? Two
models giving A in terms of t are as follows.
Model1: A=10+8In{t+ 1).
Model 2: A =5(4+ 3Dk
i For Model 1:
a find the value of A when { = 15, giving your answer correct to
3 significant figures;
b find by differentiation the rate at which the area affected by the weed is
increasing when t = 15.
ii For Model 2:
a find the value of Awhent =15;

b find by differentiation the rate at which the area affected by the weed is
increasing when t =15.




